Morphologies of interfaces in Hele-Shaw cells are studied as the Hele-Shaw problem for radial geometry. A new mode coupling equation is derived and weakly nonlinear analysis is carried out under a boundary condition including the effect of thin wetting layer in the cell. Then nonlinear behaviours of the interfaces are numerically calculated. According to these results, nonlinear features of fingering phenomena are confirmed more clearly than those in the previous studies.
INTRODUCTION
Hele-Shaw problem, concerned with a motion of the interface between two viscous fluids in a Hele-Shaw cell, has been intensively studied both in the theoretical and the experimental fields of physics ( [1] - [9] ). Hele-Shaw cell is an experimental apparatus which consists of two parallel plates with narrow gap, so that one can observe two-dimensional motions of fluids in it. One of the reasons why this problem is so fascinating seems to be that it may cover a wide variety of phenomena from the growth of the snow crystals [10, 11] to the enhanced oil recovery in the petroleum engineering [3, 12] . Here we focus on the morphologies of radially growing interfaces in Hele-Shaw cells, and investigate the effect of boundary condition on interfacial patterns.
Saffman and Taylor revealed that an interface between two viscous fluids in a
Hele-Shaw cell becomes unstable, if the less viscous fluid penetrates into the more viscous one ( [1] ). It is known that the unstable interface shows finger-like patterns, so called viscous fingering. As is in the most cases, it is assumed that the fluids i (i = 1, 2) are incompressible, i.e., = 0, and obey Darcy's law
where , and are, respectively, the velocity vector, the pressure, and the shear viscosity of fluid . Here b denotes the gap width of the cell. Then it holds that , and therefore there exists the velocity potential ,
, and Hele-Shaw problem consists of solving the two-dimensional Laplace equations (i = 1, 2).
In [1] and the most of following researches, the Laplace equations were solved under the standard kinematic boundary condition (2) and Young--Laplace equation .
In Eq. (2), denotes the normal velocity of interface, and is the unit normal vector pointing into the interior of fluid 2. Eq. (3) expresses a discontinuity of the pressure at the interface, where is the the curvature supposed to be negative for the convex domain.
However, since then in order to resolve the discrepancies between theoretical and experimental results, the validity of the Young--Laplace equation has been discussed.
In fact, about two decades after [1] published, McLean and Saffman proposed its correction in [13] . Then Park and Homsy proposed the correction to the Young--Laplace equation by considering the effect of thin wetting layer of the displaced fluid in the Hele-Shaw cell as depicted in Fig. 1 ([14] ).
In [14] , they divided the interface into three regions and carried out an asymptotic analysis with respect to the capillary number Ca. The effect of wetting layer is dominant in Region III, while it is negligible in Region I. In Region II, meniscus is formed and the interface is capillary-static, as shown in Fig. 1 . The boundary condition with the correction due to Park and Homsy is as follows: (4) where , is the surface-tension coefficient, and is the capillary number. represents a characteristic velocity determined by Darcy's law as
. (5) Afterward, the effect of wetting in the cell based on Eq. (4) was investigated experimentally ( [15, 16] ) and theoretically ( [17, 18, 21] ). In [18] , the authors carried out a linear analysis and did not investigate the effect of wetting layer on the morphologies of interfaces. In this paper, we intend to (i) carry out a weakly nonlinear analysis for perturbations of the interface under the boundary condition with the wetting effect; (ii) to visualize the patterns formed by interfaces with and without the wetting effect. 
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MODE COUPLING EQUATION
By following [17, 20] , mode coupling equation is derived as follows. The general solution of the Laplace equation can be written as Fourier power series (6) 
Here, and ( is the constant independent of both and . Let the perturbation of the interface be represented by (8) In addition, is satisfied so that the area of the fluid is conserved independently of the perturbation.
The kinematic boundary condition (2) can be written in the polar coordinates as (9) By substituting Eqs. (6)- (8) into Eq. (9) with the boundary condition (4), and are eliminated and an ordinary differential equation for is derived as follows; (10) where (11) 4-70 (12) Here is the viscosity contrast, is a parameter defined as , and is a constant such that .
In Eqs. (11) and (12), is the thickness parameter of the cell, which represents the strength of the effect of wetting layer. In fact, if then mode coupling equation (10) with Eqs. (11) and (12) are similar to the one due to Miranda and Widom ([17] ). In addition, it should be emphasized that the analytical results by Martyushev and Birzina [18] are the same as ours when . Therefore our analysis for the mode coupling equation (10) is the extension of Martyushev and Birzina's.
ANALYTICAL RESULTS
By following the previous studies ( [17, 20] ), the mode coupling equation (10) Firstly we solve a linear equation = (13) 4-71 derived by neglecting the coupling term in the mode coupling equation (10) . Then Eq.
(13) can be easily solved as (14) As seen in Eq. (11) The critical radius is determined as a root of (15) from the condition . Due to the analysis by Miranda and co-authors ( [17, 20] ), the solution (14) is approximately expressed as (16) Note that the form of this solution (16) 
Here and are the same as (11) and (12), respectively. Then the nonlinear approximated solution of the equation (17) can be expressed by Eq. (16) as 4-72 (19) where is the critical time defined by .
In the case of in , the solution (19) corresponds to Eq. (32) in [17] . Therefore, our solution (19) is the extension of theirs. Now, the time evolution of the perturbed interface , can be numerically plotted by using the nonlinear approximated solution (19) , as shown in
Figs. 3 and 4.
In these figures, parameters are chosen as , ,
, and , which are the same as those used in
Paterson's experiments ( [8] ). The amplitude of the initial perturbation is , and the mode of the perturbation is chosen from (see also [21] ). Both figures express the initially circular interface ( ) grow from the center outward, with a time interval . Without the wetting effect, the interface remains to be like a circle, except for the one at which is slightly unstable as shown in Fig. 3 . On the contrary, the appearance is quite different in case of including the wetting effect. While the interface remains stable in the earlier stage of the growth, it begins to be unstable (at ), and finally it seems to be quadrifid symmetric fingers whose tips are splitting into three (at ), as seen in Fig. 4 . This tip-splitting of fingers, which is often observed in the experiments, is considered as one of the typical nonlinear features of viscous fingering ( [8] ). Figures 3 and 4 suggest that the nonlinear features are caused by the wetting effect. In other words, we may conclude that our model reflects the nonlinear behaviour of the interface better than those in the Finally it is important to compare the results in this paper with the one by employing the boundary condition including the viscous normal stress (VNS) terms ( [22] ). VNS, which originate from the normal stress balance of the fluids, was first taken by Kim et al. as a correction to the Young--Laplace equation [19] . In Fig. 5 we show the time evolution with the effect of VNS under the same initial data as in Fig. 4 . Comparing   Fig. 5 with Fig. 4 we may infer that the qualitative behaviour of the interface with the VNS effect resembles the one without the wetting effect, however the former seems to be rather unstable than the latter.
CONCLUSION
In this paper we studied the Hele-Shaw problem with a boundary condition, including the effect of wetting layer of the displacing fluid. This boundary condition was firstly proposed by Park and Homsy for the rectangular geometry in their pioneering work [14] , and there a linear analysis of the interface was carried out.
Although the boundary conditions, not only this, to the Hele-Shaw problem are still controversial (see, for instance [23] ), the effect of the wetting layer on the fingering patterns has not been investigated yet.
In this paper, we focused on the pattern formation of the interface and accomplished a weakly nonlinear analysis under the effect of the wetting layer. In order to clarify how the time evolution of the interface is affected by the wetting effect, we derive a mode coupling equation from this boundary condition. The mode coupling equation in Finally, it is noteworthy that we do not have enough criteria so far to conclude which model reflects the fingering phenomena better, one based on the wetting layer effect or the other including the VNS effect. It is expected to reveal this by experimental investigations in a future work.
